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PHUONG PHAP GIAI TOAN TiCH PHAN HAM AN NHAM
PHAT TRIEN NANG LUC TU DUY CHO SINH VIEN
KHOA TOAN, TRUONG PAI HOC SU PHAM HA NOI 2

Pham Thanh Giang*, Dwong Thu Hwong?,
Nguyén Van Manh?, Tran Thi Thu?,

Tém tat: Toan hoc cé diéu kién tét dé phat trién tw duy, suy luan cho sinh vién néi
chung, néng luc tw duy, suy luén toédn hoc néi riéng. Nghién ctru ndy nhdm gép phén
tim ra mét sé bién phap phét trién tw duy, suy luén toén hoc cho sinh vién hoc toén
théng qua day hoc chi dé” Tich phan ham &n”. Céac bién phap nay tap trung vao
viéc rén luyén, béi dudng céc thao tac tw duy cho sinh vién théng qua viéc té chirc
cho nguoi hoc gidi mét I6p cac bai toén cé néi dung khé, thuong xuét hién trong céc
dé thi trung hoc phé théng Quéc gia. Céc bién phap nay khéng chi gilp phét trién tw
duy cta sinh vién ma con giup ho rén luyén ki ndng giai toan.

Twr khéa: cha dé Toan hoc, tich phan ham &n, ham hop, phuong trinh vi phén,
phuwong trinh ham

1. MO PAU

Trong Chuong trinh gido duc phd thong (GDPT) ban hanh nam 20183, gido duc toan
hoc ¢6 vai trd hinh thanh va phét trién cho hoc sinh nhitng phim chat cha yéu, ning lyc
chung va nang luc toan hoc voi cac thanh t6 ¢t 16 1a: nang luc tu duy va 1ap luan toan
hoc, ndng luc mo hinh héa toan hoc, nang luc giai quyét van dé toan hoc, nang lyc giao
tiép toan hoc, ning lyc str dung cic cong cu va phuong tién hoc toan; phat trién kién thic,
k¥ nang then chdt va tao co hoi dé hoc sinh trai nghiém, ap dung toan hoc vao doi séng
thuc tién. Nhu vay, gido duc toan hoc tao dung sy két ndi gilta cac y tudng toan hoc, giita
toan hoc voi cac mon hoc khac va gitia toan hoc voi doi séng thuc tidn. Piéu nay dan dén
su can thiét phai c6 nhiing thay doi quan trong vé thiét ké chuong trinh va t6 chirc day
hoc trong dao tao sinh vién nganh su pham Toan hoc.

Tich phan ham 4n 13 dang toan kho thudng xuat hién trong cac bai thi mén Toan
trong ki thi trung hoc phd thong qudc gia (THPTGQ) ciing nhu nhiéu bai thi mén Toan
trong mon Toan so cép & cac truong dai hoc, cao dfmg.

1 Truong THPT Ha Bac, Cdm Ché, Thanh Ha, Hai Duong

2 Truong Dai hoc S pham Ha N6i 2

3 Chuong trinh gido duc ph8d théng mén Toan (ban hanh theo Théng tu s6 32/2018/TT-BGDBT ngay
26/12/2018).
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. A , w 2 ol 2 .. .
Ciu 48: Cho ham s f(x) thoa méan f(2) = — 5V f'(x) = 2x[f(x)]" véimoi x € R.

Gia tri cta f(1) bang

35 2 19 2
A.-%. B.—g. C.-%. D. BT

Hinh trén duoc Iy tir @& thi THPTQG mén Toan, nim 2018, ma dé 101. Véi hoc
sinh THPT, dé c6 thé hiéu va lam dugc bai toan trén cling vdi cac bai toan lién quan khac
1a kha kho khan. Hiu nhu cac em déu dap khudn may moc ap dung cach 1am ma céc thay
cO cung cép. Chuing t61 da 1am mot bang diéu tra thuc té Tai truong Pai hoc Su pham Ha
Noi 2, véi quy md khoang 1500 sinh vién dang hoc mot sé mén Toan. Véi cac cau hoi:
Ban biét tich phan ham an khéng? Ban c6 biét 1am tich phan ham an hay khong? Phuong
phap ma ban ap dung dé 1am tich phan ham an 1a gi? Thong qua khao sat tir thang 02/2020
dén thang 04/2022, chung t6i thu dugc két qua nhu sau:

+ Khoang 64,3% sb sinh vién dugc khao sat chua biét hét cac phwong phép giai tich
phan ham an hodc gip kho khin trong viéc xac dinh dang bai tap

+ Khoang 20% s sinh vién dugc khao sat biét 1am bai tip nhung chua tra 151 dugc
cau hoi chi ra sy ton tai ham s6 lién quan dén tich phan ham an.

+ Con lai, khoang 15,7% s6 sinh vién duogc khao sat biét lam bai tdp nhung mic sai
1am trong 101 giai va cho rang gia thiét bai toan dwa ra bi “thira”.

Thong qua khéo sat trén, chiing toi thay rang tat ca cac ban tham gia khao sat di hoc
vé tich phan ham an khi con ngdi trén ghé nha truong phd thong. Tuy nhién, thyc trang
hiéu biét v& tich phan ham an, hiéu dugc ban chat ctia tich phan ham 4n va cach tiép can
phuong phap giai ciia cac ban sinh vién Truong Dai hoc Su pham Ha Noi 2 con nhiéu
han ché. Hon nira, hién tai cling chua c6 tai li€u chinh théng nao dé cap toi tich phan ham
an mot cach day du, chinh xac va khoa hoc. Chung t6i dd cd gang tim toi va x4u chudi rat
nhiéu kién thirc dé co6 thé 1am rd bai toan lién quan dén tich phan ham an. Trong bai bao
nay, chung t6i dua ra nhiing dinh nghia, tinh chat, mot sé bai toan tich phan ham an va
phuong phap giai ching. Qua dé, chiing t6i mong mudn ning lyc tu duy Toan hoc vé cac
bai todn tich phan ham an cua cac ban hoc sinh, sinh vién nganh Toan dac biét la cac sinh
vién yéu Toan, truong Pai hoc Su pham Ha Noi 2 s€ dugc nang cao, boi dudng va cac
ban ¢6 thé nim duge, hiéu, tu 1am va sang tao ra dugc cac bai toan lién quan dén tich
phan ham an.
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2. NOI DUNG NGHIEN cUU

2.1. Vé nang luc tu duy

Theo tir dién Triét hoc: Tu duy, san phém cao nhét cua cai vat chat dugc td chirc mot
cach dic biét 1a bo ndo, 1a qua trinh phan anh tich cyc thé gidi khach quan trong cac khai
niém, phan doan, 1i luan. Tu duy xuét hién trong qua trinh hoat dong san xuat xd hoi cia
con ngudi va bao dam phan anh thyc tai mot cach gian tiép, phat hién nhitng méi lién hé
hop quy luét cta thyec tai, tu duy chi ton tai trong mdi lién hé khong thé tach roi khoi hoat
dong lao dong va 101 ndi, 1a hoat dong chi tiéu biéu cho x4 hoi loai ngudi. Cho nén tu duy
con nguoi dugc thuc hién trong mdi lién hé chit ché nhét véi 161 noi, va nhitng két qua
cta tu duy dugc ghi nhan trong ngdn ngit. Tiéu bicu cho tu duy 1 nhiing qué trinh nhu
triru twong hoa, phan tich va tong hop, viéc néu 1én nhitng vin dé nhét dinh va tim cach
giai quyét chung, viéc dé xuat nhing gia thiét, nhitng y niém. Két qua ciia qua trinh tu
duy bao gio cling 1a mot y nghi nao d6... Tu duy con ngudi dugc nghién ctru trong nhitng
linh virc khoa hoc khac nhau va bang nhimng phuong phép khac nhau!.

Tu duy toan hoc dugc hiéu, thi nhat 13 hinh thirc biéu 16 tu duy bién chimg trong qua
trinh con nguoi nhan thue khoa hoc toan hoc hay trong quaé trinh ap dung Toan hoc vao
cac khoa hoc khac nhu ky thuét, kinh té quéc dan. Thtr hai, tu duy toan hoc c6 cac tinh
chat dic thu duoc quy dinh boi ban chit ciia khoa hoc toan hoc bai sy 4p dung cac phuong
phap toan hoc dé nhéan thirc cac hién tuong thé giéi hién thyc, cling nhu boi chinh cac
phuong thiic chung ctia tu duy ma né st dung. Hinh thitc cua tu duy toan hoc 1a khai
niém, phan doan (tién d¢, dinh 1i), suy ludn, cac qui tic suy luan, cac phuong phap xay
dung 1y thuyét”. Céc thao tic tu duy bao gdbm: Phén tich, tong hop, twong tu, triru twong
hoa, khai quat hoa?.

Cum tr “tu duy toan hoc” da dugc st dung mot cach rat phé bién, trong day hoc,
trong danh gia két qua hoc tap. RS rang, mot sinh vién yéu vé toan thi khong thé tbt vé tu
duy toan hoc nhung mét sinh vién c6 ki ning giai Toan tot chua chic da co tu duy toan
hoc t6t. Tu duy toan hoc khéng chi 14 thanh phan quan trong trong qué trinh hoat dong

! https://moet.gov.vn/content/vanban/Lists/ VBDH/Attachments/2730/GT%20h%E1
%BB%8Dc%20ph%E1%BA%A7n%20Tri%E1%BA%BFt%20h%E1%BB%8Dc%20
MLN%20(C)%20Tr%2057%20-Tr150.pdf).

2 http://philosophy.vass.gov.vi/ KHCN-MT/Quan-diem-duy-vat-bien-chung-ve-doi-
tuong-cua-toan-hoc-24.0
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toan hoc cua sinh vién, né con la thanh phén ma, néu thiéu su phat trién mot cach co
phuong hudng thi khong thé dat duoc hiéu qua trong viée truyén thu cho hoc sinh hé
thdng céc kién thirc va k¥ ning toan hoc. Trong nghién ctru nay, ching t6i xem 1ap luan
la mét thanh phén, mot phuong thirc dac thu cua tu duy toan hoc va 1la mot thanh phén
cua nang luc toan hoc, tap trung vao kha nang ctia sinh vién thuc hién hoat dong suy luan.
Tu @6, ching t6i xac dinh nang luc tu duy va lap luan toan hoc cua sinh vién trong giai
bai tép Toan gém céc biéu hién 1a: Ki nang 1ap ludn dé nhan dién bai toan va kién thirc
c6 lién quan; Ki nang lap luan dé tim doan va lua chon duong 16 giai; Ki nang lap luan
dé thyc hién qua trinh giai bai toan; Ki nang lap luan dé danh gia qua trinh giai va nghién
ctru sdu bai toan'.

2.2. Vé chu dé tich phan ham an

2.2.1. M6t sé kién thdc lién quan:

DPinh nghia tich phan xac dinh [4] xuét hién trong bai toan tinh dién tich cia hinh
thang cong (hinh thang c6 it nhat mot canh cong). Pinh nghia d6 dugc xay dung duya trén
céc kién thire vé ham sd, giéi han ham s6 kha phirc tap nén chung toi chon cach st dung
no6 dé c6 dinh nghia don gian sau day:

Dinh nghia 2.1: Cho / 1a mot ham s lién tyc trén [a,b]. Gia st @ (x =jf t)dt 1a
mot nguyén ham cta /* trén doan [a,b]. Tich phan xé4c dinh ctia ham s f'(x) trén doan
[a,b] ki hiéu 1a j f()dt va dugc dinh nghia la j f(1)dt = ®(b)—®(a). Khi d6 ta ciing

n6i ring ham f (x) 1 mot ham khd tich trén doan [a,b].

Vi dy 2.1: Tlchphanjsmxdx_—cosx|4 =51 =1-

Tich phén c6 rat nhiéu tinh chét, cac tinh chat nay hau hét da dugc gidi thiéu va ching
minh day du trong céc tai liéu [4]. Chung t6i chi liét ké mot vai tinh chit trong pham vi
bai bao

Dinh ly 2.1:

L https://02.edu.vn/cac-bieu-hien-cua-nang-luc-toan-hoc/#:~:text=1.-
,N%C4%83ng%201%E1%BB%B 1¢%20t%C6%B0%20duy%20v%C3%A0%201%E 1%BA%ADp%201u
%E1%BA%ADN%20t0%C3%A1n%20h%E1%BB%8Dc,1%C3%AD%20tr%C6%B0%E 1%BB%9Bc%2
0khi%20k%E1%BA%BFt%20lu%E1%BA%ADn.
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1) Tich phénjf(x)dx =0, Va e R, v6i moi ham f (x) kha tich

b a
2) Néu f kha tich trén doan [a,b] thi [ f (x)dx=~[ f(x)dx.

b

3) Néu f vag 1a hai ham kha tich trén [a,b] va a, f 1a cac hang sb thyc thi

af +fg ciing la mot ham kha tich trén [a,b] va

s () 48 () e =af £ (x)de+ ] ()

4) Gia st f:[a,b] > R, khi d6 néu f kha tich trén [a,c]va [¢,b] véi a<c<b thi
f khatich trén [a,b] va

b

If(x)dx:jf(x)dX+jf(x)dx.

b b
5) Néu f kha tich trén doan [a,b] thi If(x)dx =jf(a +b—x)dx.

6) Néu ham / lién tuc trén [a,b] thi kha tich trén doan do.
7) Néu ham f bi chan trén doan [a,b]va cO hitu han diém gian doan thi kha tich
trén doan do.

2x+3 khix #1

Vi du 2.2: Cho ham $6 f(x) = {10 Ihi 1
ix=

. Tinh jf(x)dx.

2
Loi gidi: Ta thdy ham f(x) khong so cap nén tinh f f(x)dx gap kho khan. Tuy
0

nhién, néu chon g (x)=2x+3ta thiy f(x)=g(x) tai moi diém khac 1 va ép dung Tinh
chat 5, Pinh Iy 2.1, ta dugc

2 2 2
If(x)dx = jg(x)dx = J(2x+3)dx =x +3x‘z =10.
0 0 0
Pé tinh duoc cac tich phan co ban, ta c¢6 thé dung dinh nghia, phép doi bién sb va
tich phén ting phan. Céc kién thirc nay da duoc trinh bay rat rd trong cac tai lidu [4] nén
chung t6i chi dua ra mét vai vi du minh hoa.
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Vi du 2.3: Bang cich van dung bang nguyén ham, tinh 7 = j (2sinx—cosx)dx
0

Loi giai: Tacod I = I(Z sinx—cosx)dx = (—2cos x —sin x)|;[ =4,

0

T

tan® x

6
Vi du 2.4: Bang cach dbi bién sd, tinh tich phan = I dx.

o COS2x

Loi gidi: Pat t=tanx, taco

31 B+l 10

2
;2 AB3-1 93

2

Vi du 2.5: Bing cach tinh tich phan timg phén, tinh tich phan 7 = j 1n3x dx.
1

u=Inx du = ax
Loi giai: Bat dx =

dv=— | ___1

o 2x°
2 2
Khi dé [ =———Inx| +ji3dx SNLING SN YW S
2x b4 2x 8 4x°|, 8 16

Pinh nghia 2.2: Cho X,Y,Z c R va hai ham s
f:X->Y
x|—>y=f(x)
va
g:Y—>7Z
y—z=g(»)
Khi d6, ham hop ki hiéula go £ 1a ham di tir X vao Z theo quy tic nhu sau
gof: X—>Z
x|—>z=g(f(x)).
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Vidu2.6: Cho f:R—>Rvag:R—>R duogc xac dinh bai f(x) =2x; g(x) =x’.

Tinh (fog)(x) va (g f)(x).

Loi gidi: Ta co

(/o) (x)~ (g(0)~ (x*)=22" .
2
(g0/)(x)=g(f (1)) = g(2x) =(2x) = 4x".

Phép toan hop ciia hai ham sé dong vai tro 16n trong giai tich vi phan 16n cac ham s6
thudng gip déu dugc biéu dién bang hop cua hai hay nhiéu ham s6. Phan tiép theo, chiing
t61 dua ra mot sy két hop gitra cdu triic nhom va phép toan hop. Kién thirc myc nay dugc
tham khao trong tai li¢u [3].

Pinh nghia 2.3: Cho cac ham

g, XX
xl—)gj(x),jeN.

bat G= {gl (x), 2, (x),...,gj (x) }, ta n6i G lap thanh mot nhom ham sb véi phép
toan lay ham hop néu ddng thoi thoa min diéu kién sau:

i) Ham e € G, trong d6 e 1a ham sd ddng nhét trén X nghia 1a e(x) =x, VxeX.

il) Véimoiham g,,g,€G thi g cg,eGvag,og €G.

iii)Vi moi ham g € G ton tai ham s nguoc g vag' eG.

Vidu 2.7: Ching minh tdp ham G = {x;g
X

X;a e R*} lap thanh nhom véi phép toan
hop céc ham sb.

Loi giai: Ta can chira G thoa man cac diéu kién (i), (ii), (iii) & dinh nghia trén. That
vay

-Tacod g (x) =x nén g, (x) 1a ham s6 dong nhit trén R'. Do d6 (i) thoa man.

. . a :
-Voéimoi g =xeGvag,=—eG. Tacd
X

(&rog:)(¥) =2 (2 (x) =2 [%j =<G, (g08)(0)=2:(5(x)=2:(x)="<C.

Do d6 (ii) thoa man
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- Vi moi g =xeG, g,=2eG . Ta co g (x)=x c6 ham ngugc la

g (x)=xeG.

Véi gZ(x)zg ta dat %:y nén x=% do do gz(x) c6 ham ngugc la

g, ' = fea.
X
Do do (iii) théa man
Pinh nghia 2.4: Néu nhom cac ham s6 v6i phép toan 1ap thanh ham hop gdom hitu
han phén tu, tec 1a G = { 25855 gn} thi n6 dugc goi 1a nhom hitu han.

Vi du 2.8: Him G = {x;2
X

a—const, x € R*} 12 nhém hiru han.

Nhén xét 2.1: Ngoai vi du trén, ta dé dang chung minh dugc cac vi du sau la nhém
hiru han vé6i phép toan 1y ham s6 hop.

1. G:= {x;L;x—_1 xeR\{O;l}}.
I-x x

2. G:={x;a—x|a—const;x ER}.

a a
3. G=yx,—;—x;——
X X

a—const; x € R*}
Phan tiép theo, chiing t6i cung cip mdt sd thong tin lién quan dén phuong trinh vi

phan, phan nay dugc tham khao trong tai lidu [2].

Pinh nghia 2.5: Phuong trinh vi phan cdp mét 1a phuong trinh ¢6 dang

F(x,y',y)=0,

trong 6 F 1a ham xac dinh trong mién G R’; xel=(a,b) va ham y = y(x) l1a
ham sé can tim; y'= y'(x) 1a dao ham cua ham can tim.

Vi du 2.9: Phuong trinh y'-2y+3x =0 1a phwong trinh vi phin cip mot.

Pinh nghia 2.6: Ham yzgo(x) xac dinh va kha vi trén [ :(a,b) dugc goi la
nghiém ciia phuong trinh vi phan néu

6)] (x,(p(x),(p'(x)) eG véimoi xel.
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(ii)F(x,qo(x),qo'(x)) =0 trén /.

Vi du 2.10: Phuong trinh Z—y =2x+1 c6 mot nghiém 1a ham y = x* + x.
X

Phuong trinh vi phan néu c6 nghiém s& c6 vo s6 nghiém, tuy nhién ap dung dinh 1y
Cauchy — Picard, chiing ta thu duoc sy ton tai va duy nhat nghiém ctia phuong trinh vi
phan. Tinh ton tai va duy nhat nghiém nay s& cé ¥ nghia v&i nhimng bai toan lién quan dén
tich phan ham an sau nay. Sau ddy, cac tic gia dé cap dén mot sd 16p phuong trinh vi
phén thuong gap théa man dinh ly Cauchy — Picard.

Pinh nghia 2.9: Phuong trinh bién sd phan ly 14 phuong trinh ¢6 dang

f(x)dx+g(y)dy =0,
trong do f(x) ,g(y) 14 nhitng ham lién tuc theo bién x, y twong Umg.
Nhin xét 2.2: Dé giai phuong trinh, ta chi can Iy tich phan hai vé, dugc nghiém
If(x)dx+jg(y)dy =C.
Vi du 2.11: Tim nghi¢ém cta phuong trinh: (4x+ 1) dx—y*dy =0.

Loi giai: LAy tich phan hai vé cta phuong trinh, ta duoc

3

(4x+1)dx—y2dy=0<:>I(4x+1)dx—J.y2dy=C<:>2x2+x—y?=C.

3
Vay nghiém ctia phuong trinh 1a 2x° + x _y? =C.

Pinh nghia: 2.10: Phuong trinh vi phan tuyén tinh cip mot 1a phuong trinh ¢6 dang
y+p(x)y=q(x), (13)
trong do p(x),q(x) la cac ham lién tuc trén khoang (a,b).

Nhin xét 2.3: Dya vao phuong phap bién thién hing sé Lagrange, ta thu duoc
nghiém tong quét ctia phuong trinh (1.3) 1a

y=e ™ Uq ()" ey c}.

Vi du 2.12: Giai phuong trinh y 1 y=x
X

Loi giai: Ap dung cong thirc nghiém tong quat & Nhan xét 2.3 ta dugc
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y= ejédx Dx3ej_idxdx + C}
Zxezdx + C]
=Cx +jx3dx = £+ Cx.
4

Muc tiép theo, ching t6i quan tim dén phwong trinh ham. Pay 1a phan kién thirc
trong chuyén dé 6n luyén hoc sinh gioi THPT. Céc thong tin dua ra dugc tham khao trong
tai liéu [1]. Nhu ching ta di biét, phuwong trinh ham 1a mot phuong trinh ma yéu t6 chua
biét 1a ham s6. Vi du nhu: Tim ham s f(x) théa man f(x)+f(—x) =2x, VxeR'.
Nghiém ciia phwong trinh ham 14 ham sé théa man phuong tinh da cho. Tuy nhién, tinh
t6n tai va duy nhit nghiém cua phuong tinh ham con nhiéu vin dé phai quan tim. Nghia
13, 6 nhiéu bai toan giai phwong trinh ham vé nghiém hodc khong c6 nghiém duy nhét.
Phuong trinh ham khong c6 cach giai tong quat. V&i mdi bai toan ity vao timg diéu kién
ma ta ap dung cach giai sao cho phu hgp. Ta thuong ap dung cac cach sau: Phuong trinh
ham sir dung tinh kha vi, phuong trinh ham st dung tinh lién tuc, phuong trinh ham st
dung phép thé cac gia tri dac biét. Sau ddy, ta xét bai toan phuong trinh ham cé dang

a, (x)f(g1 (x))+a2 (x)f(g2 (x))+...+an (x)f(gn (x)) :b(x) *),

trong d6 a,(x);a,(x);..;a,(x) vab(x) 1a cac ham sb tir X vao X cho truée, con
tap

G::{gl(x) :x;gz(x);...;g”(x)}, (xeX)

1a nhém hiru han véi phép toan lap thanh ham sé hop.

Tir tinh chat ctia mot nhom hiru han, ta c6 thé dua ra 101 giai bang cach trong (*) ta
lan luot thé

xi~ g, (x);x~ gy (x)5e5x~ g, (%)

duge hé phuong trinh voi cac an 1a f(x); /(g5 (x)); £ (& (x));-./ (g, (x)). Giai
hé phuong trinh ta thu duge f'(x) (néu c6). Day la chia khéa quan trong trong viée giai
quyét cc bai toan lién quan dén phuong trinh ham an sau nay.

Vi du 2.13: Cho ham s f (x) lién tuc trén doan R\[O;l] théa man diéu kién:

2f(x)+3f(1—x)=x2—2x, Vxe[O;l].
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Tim f (x)
Loi giai: Thay x ~ (1—x) vao phuong trinh ban dau ta thu dugc hé
2f(x)+3f(1-x)=x>-2x
3f(x)+2f(l—x)=x2 -1
X +4x-3
I —
Cubi cung, trong thuc té cude séng, ta bat gap nhiéu bai toan din téi viéc tinh tich

phan hodc tinh toan mot vai thi lién quan dén tich phan ma thay vi biét ham dudi dau tich
phan, chiing ta chi biét mot vai tinh chat lién quan ctia n6. Chiing ti xét vi du

Vi du 2.14: Cho ham sé £ (x) lién tuc trén [0,1] thoa man

Hé nay c6 nghiém duy nhit va 5f(x) =x" +4x—3 hay f(x)

(x+1) £ (x)+ £ (x) = 1.V [0.1], biét f(S):%.

1
Tinh gi4 tricua [ = I £ (x)dx.
0

Vi du trén minh hoa cho tich phan ham an (ham dudi dau tich phan khong duoc cho
dudi dang tuong minh). Dé c6 thé 1am duoc cic bai toan nay, doi hoi ching ta phai tra
161 duoc hai cdu hoi. Cau hoi 1: Liéu ¢6 ton tai ham s théa man cac diéu kién dau bai
hay khong. Cau hoi 2: Cach lam cua dang bai nay 1a gi. Hai cau hoi trén s€ dugc tra 101
cu thé hon & phan tiép theo.

2.3. Mét sé phuong phap giai tich phdn ham &n
2.3.1. St dung dinh nghia va cac tinh chét co ban cua tich phan

Nhin dang: Khi d& bai cho két qua cac tich phan c6 cung can (trén va dudi) ciia mot
hay nhiéu ham s6 va yéu cau tinh tich phan (can khong ddi) ciia tong, hiéu cac ham sb.
Hodc khi dé bai cho két qua cac tich phan cta cing mot ham s f (x) va yéu cau tinh
tich phan (chi khac céc tich phan da cho vé cin) cia ham s6 £ (x).

Phwong phap: Ta st dung Dinh 1y 2.1, cac tinh chét tir 1- 7.

Vi du 1: Cho hai ham sb f(x)vag(x) xac dinh va lién tuc trén [2,4] c6

4

J-f(x)dx=5 va j-g(x)dx=6. Tinh 1=j£[4f(X)—3g(x)]dx.

2
Loi giai: Vi f'(x)va g (x)xac dinh va lién tuc trén [2,4]nén no6 kha tich trén [2,4].
Vay
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1 =j.[4f(x)—3g(x)]dx=4j1.f(x)dx—3jtg(x)dx=4.5—3.6 =2.

Binh luin thém: O bai nay, ta s€ c6 bang tra 101 hai cau hoi cua tich phan ham an
nhu sau

Cau héi Cau tra loi

1

Chon ham f(x)=5 va g(x)=6 la cac ham hang sd, cac ham nay

hién nhién thoa man cac yéu cau dau bai.

2 Ap dung tinh chat 3, dinh 1y 1, ta thu dugc ngay két qua.

Nhu viy, dang bai ham an nay khong qua kho. Tuy nhién, cé nhiéu hoc sinh, sinh
vién chua dua ra cu tra 16i cho cau hoi 1. Vi can cua cac tich phan 1a giéng nhau nén
chung ta hoan toan co thé chon cac ham dua vao dau bai cho. Gia thiét cdc ham
£ (x)vag(x)lién tuc trén [2,4] c6 vé “du thira” nhung la goi ¥ dé sinh vién chon dugc
ham va kiém tra duoc tinh diing din cua bai toan.

4
. 21
Vi du 2: Cho ham s0 f(x) xac dinh va lién tuc trén [0,4], c6 J.f(x)dx =7 va
1
3 4
f(x)dx= > Tinh 7 = j(4ex +2f(x))dx.

0

S — —

Loi giai: Vi f(x) xac dinh va lién tyc trén [0,4] nén no kha tich trén cac doan con

1= i(“ex +2£(x))dx = 4} e+ 2jf(x)dx = jex + ij(x)dx + 2jf(x)dx

—ae 2.2 03 C gt 00,
)

Binh luin thém: O bai nay, ta sé& c6 bang tra 161 hai cu hoi cta tich phan ham an
nhu sau:

Cau hoi Cau tra loi

1

Chon ham f(x)=x+1, ham nay hién nhién thoa man cac

yéu cau dau bai.

2 Ap dung tinh chét 4, dinh 1y 1, ta thu dugc ngay két qua.
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O dang bai ndy, tra 1i cAu hoi 1 phirc tap hon. Tuy nhién, néu ngudi ra dé dé y co
thé tu chon ham f{x) trudc rdi tinh cac tich phan dé dua ra dé bai thi s& tranh dugc nhiing
khiic méc trong khi tra 10i cac cau hoi 1,2 lién quan dén tich phan ham 4n. Dang bai nay,
ngudi hoc cht yéu van dung tinh chat cua tich phan dé tinh cht khong can chi ra truc tiép
ham f(x).

2.3.2. Phuong phdp déi bién sé

b
Nhin dang: Khi gip cic tich phan dang jf(u (x),u’(x))dx hodc yéu cau tinh tich

phan ham £ (x) biét g(f(x),/(a—x))=h(x) (véi a(x) 1a ham s6 cho trudrc)
Phwong phap:

b
- Khi gép cac tich phan dang Jf(u (x),u'(x))dx thi ta ding phuong phap d6i bién

dat ¢ = u(x).
- Khi d¢ yéu cau tinh tich phan ham f(x) biét g(f(x),f(a—x))z h(x) (véi
h(x) 1a ham s6 cho trude) ta co thé d6i bién 7 =a — x.

2 1
Vi dy 3: Cho ham s6 / () lién tuc trén R, biét [ f(x)dx=3. Tinh = [x f(x* +1)dx.
1 0
e 5 o |x=0=>1¢=1
Loi giadi: Pat ¢ =x" +1= dt = 2xdx. Doi can
x=1=1t=2

Khi do I::{xf(xz +1)dx=—jf(t)dt:%.

Binh luin thém: O bai nay, ta s€ c6 bang tra 101 hai cau hoi cua tich phan ham an
nhu sau:

Cau hoi Cau tra loi

1 Chon ham f(x)=3 la ham hang s, ham nay hién nhién thoa man

cac yéu cau dau bai.

2 Ap dung phuong phap doi bién s, ta dua tich phan can tinh vé tich
phan quen thudc.

Phuong phap d6i bién t6 ra kha hiéu qua trong nhiing dang bai nay. Tuy nhién, cac
ban sinh vién phai nim rét rd phwong phap hodc ban chat ctia phép ddi bién dé c6 thé dua
ra nhitng phép ddi bién phu hop.
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Vi du 4: Cho ham séf(x) c6 dao ham f’(x) va lién tyc trén doan [1;2] thoa méan
L e
/(x)>0vxe[1,2],biét [ f'(x)dx=10va delen2.
1 1 X
Tinh f(2).
o1 gidi: Pat ¢ = =dt = . Poi can
SO * HETE v c2s = 1(2)

Do f(x)>0Vxe[1,2]:t>O

Khi do
), e e f(2)
'!‘mdx— /-!.1 p _lnt|f(l) =In f(]) =In2.
f(2)_ _1
= (1)—2:>f(1)—2f(2),

ma _Z[f’(x)dx:IO:f(2)—f(1):10:%f(2)=10:>f(2)=20.

1
Vay f(2)=20.
Binh luin thém: O bai ndy, ta s& c6 bang tra 10i hai cau hoi cta tich phan ham an
nhu sau

Cau hoi Cau tra loi

1 Chonham £ (x)=3 la ham hing s6, ham nay hién nhién théa man

cac yéu cau dau bai.

2 Ap dung phuong phap ddi bién s6, ta dua tich phan can tinh vé tich
phan quen thudc.

Phuong phap ddi bién t6 ra kha hiéu qua trong nhitng dang bai nay. Tuy nhién, cac
ban sinh vién phai nim rat & phuong phép hodc ban chat vin dé dé c6 thé dua ra nhiing
phép doi bién phu hop. Gid thiét cho ham s6 f (x)c6 dao ham f"(x) va lién tyc trén doan
[1;2]1a can thiét d€ chi ra sy ton tai cac tich phan trong bai va goi y tim ham f'(x).
2.3.3. Phuong phap tich phan ting phéan

Nhén dang: Ham dudi du tich phan 1a tich ctia hai ham, trong d6 c6 mdt ham co

nguyén ham don gian va mot ham lién quan d&én 1 "(x).
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Phwong phap: St dung phuong phap tich phan timg phan.
Vi du 5: Cho ham séf(x) lién tuc trén R thoa man f(x3 +3x+1) =3x+2, VxeR.

5
Tinh ]:jxf'(x)dx.
1

Loi gidi: Bat | LM :>I=xf(x)|5—jf(x)dx
dv=f"(x)dx v=f(x) b
f 5)=5 (xz

1 5
Tu f(x3+3x+1)=3x+2:{ 0), suy ra 1=23—jf(x)dx
1

£(1)=2 (x=0)
dt=(3x2+3)dx
f(t)=3x+2

(
(
t=1=x=0

Pitt=x"+3x+1=>
t=5=>x=1

, doi can {

Khi d6 1 =23—j[f(x)dx = 23—jf(t)dt = 23—‘:[(3x+2)(3x2 +3 ) =§.

Binh luin thém: O dang bai nay, that kho dé tim dugc ham f (x) théa man yéu cau
dé bai. Vi nhirng truong hop nay, ta sé phai luu y rang. Khong nhét thiét phai tim ra ham
f(x) théa man dé bai, ta van lam duoc bai toan. Tuy nhién can luu y dén viée ra dé bai
trénh tinh trang sai dé. Cy thé hon trong vi dy ndy, ham f(x) théa man

F(x*+3x+1)=3x+2 c6 ton tai, boi 1& phuong trinh x* +3x+1=0 chi c6 duy nhat mot
nghiém va phuong trinh 3x+2 = 014 phuong trinh bac nhét, hai diéu nay dam bao cho
tinh xac dinh va don tri ciia ham f(x).

Poi khi, & nhitng bai toan, chung ta khong chi chi dung riéng timg phuong phéap doi
bién hay tich phéan timg phan ma ching ta phai két hop hai phuwong phap lai voi nhau dé
c6 dugc mot 161 giai hoan chinh cho bai toan. Dién hinh 13 & céc vi du sau:

Vi dy 6: Cho ham s6 f(x)c6 dao ham f’(x) va lién tuc trén doan R thoéa man

1(2)=16, jf(x)dx:4. Tinh Izjxf'(gjdx.

0 0
x=0=1¢t=0

Loi gidi: Dat X = ¢ = x = 2¢ = dx = 2dr. Déi can .
2 x=4=t=2
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Khi d6 I = ixf'(gjdx - 4jtf'(t)dt

0

_ |u=t du=dt
PEN = p(0ya v=1(1)

=1 :4[Q’(t)|2 —J.f(t)dt} = 4{2f(2)—jf(t)dt} =4(2.16-4)=112

0 0

Vay I=112.

Vi du 7: Cho ham sb f (x)co dao ham f'(x) va lién tyc trén doan R thoa man

2

f(=2)=1, [ f(2x—4)dx=1. Tinh I = jle’(x)dx.
Loi giai: Bt | _ Jdu=dx
dv=f'(x)dx v=f(x)

0 0

= 1= [xf(x)dv=xf (x), - [ f(x)dx =27 (-2)- [ f(x)dx
§ dt .. . {x=13t=—2
bat 2x-4=t= dx=—. DPdbi can .
2 x=2=1t=0

Khi d6 jf(zx—4)dx=T@dz=1:ff(x)dx=jf(t)dt=2

2
Vay [ =2-2=0.
2.3.4. St dung phuong trinh vi phan
Nhén dang: Chiing t6i quan tAm téi cac bai toan tich phan ham 4n ma ham dudi dau
tich phan c6 dang phuong trinh phan ly bién s6 hodc phuong trinh phan tuyén tinh.

Dang 1: Bai toan c6 dang f'(x) =g(x) (2.1)
Dang 2: Bai toan c6 dang f'(x) +p(x)f(x) = q(x). (2.2)

Phwong phap:
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— Dang 1: Bién d6i (2.1) vé dang / (x) = k(x) , sau d6 tich phan hai vé ta tim duoc

/(%)

S (%)-
— Dang 2: Theo Iy thuyét phuong trinh vi phan ta c6

=l [ [a(x)el " as+ c}

1a nghiém ctia phwong trinh trén. Do d6, néu khong mudn ap dung truc tiép cong thirc

nay dé tim ham f(x) thi bang cach nhan ca hai vé ctia phuong trinh (2.2) v6i ej P thi ta
dua duoc phuong trinh (2.2) vé dang

[A(x).f(x)]‘ = B(x).
Sau d6 nguyén ham hai vé ta tim duoc f (x) Céach nay, hoc sinh THPT s& hoan toan
thich tht va lam duoc bai.

Vi du 8: Cho ham s6 [ (x) lién tuc va nhan gia tri duong trén R thoa man

fl(x)==e"f*(x), VxeR, biét f(O):%. Tinh gia tri f(In5).
Loi gidi: Ta co f'(x) =—e"f? (x) & ;2'(();)) =—e

Lay nguyén ham hai vé ta duoc

[ en oo [P [ vars Lo sc veem

Theo gia thiét

1 -1 1
f(0)=———==¢e"+C=>C=-=
. -1 1 3 25
Khi dé =—e?" —=.Va In5)==.
62 Ty VA=

Vi du 9: Cho ham 6 y=f1 (x) ¢6 dao ham lién tuc trén R thoa mén

f'(x)—2xf(x) =2xe" Vélf(O) ==2.Tinh f(1).

Loi gidi:
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2 X
A X . A TS U Y SRR
Ta co p(x)=x nén J‘p(x)dxzy nén nhan ca hai vé gia thiét voi e? ta dugce

!

2 2 2 2

3
X
2

e f'(x)+ e%xf(x) = 2xei% = {eéf(x)] = 2xeix7.

2
2 x2 X2

Suyra e f(x)=[2xe *dr=-2e > +C.
Thay x=0 vao hai vé dugc C=0= f(x) =—2¢"
« a2
Vay f(1)=-2¢"' =-=.
e
Vi du 10: Cho ham s f (x) lién tuc trén [O; 1] thoa man

(x+1) £(x)+ £ () =1, Y [051] va £(0) =2 Tinh [ £(x)d.

Loi giai: Chia ca hai vé cua giai thiét cho x +1 ta duoc

1 1
(x)+—f(x)=—: 2.3
S 0= (23)
Ta c6 p(x)=L1 nén j p(x)dr=In|x+1], nhan ca hai vé ciia (2.3) véi
X+
" = x 11 ta duge

f(x)+(x+l)f'(x)=l
<:>(x+1)’f(x)+(x+1)f'(x)=1
e [(x+1)f(x)]'=1
<:>J‘[(x+l)f(x)]'dx='|‘dx
@(x+l)f(x)=x+C
Theo gidi thiétta c6 f(0)=2 nén 1.f(0)=C= C=2.

_x+2
x+1°

Khi d6 (x+1)f(x)=x+2:>f(x)

1

1 1
Vay .!.f(x)dx=zl;);:fdx=![1+ﬁ)dx=(x+ln|x+l|)ro —1+1n2.
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Binh luin thém: Bang cach sir dung 1y thuyét lién quan dén phuong trinh vi phan
v6i bién s6 phan ly va phuong trinh vi phan tuyén tinh, ching t6i dua ra sy ton tai ham
va 101 giai nhu trén. Phuong trinh véi bién s6 phan ly va phuong trinh vi phan tuyén tinh
thoa man diéu kién vé tinh ton tai va duy nhat nghiém [2], nén s& ludn ludn tich phan hai
vé dugc. Hon thé nita, thong qua cach giai trén, chung t6i thiy mot phurong trinh vi phan
tuyén tinh sau khi nhan thém mot dai luong trd thanh phuong trinh vi phan toan phan [2].
Y tuéng cua 10 giai trén xudt phat tir cach giai phuong trinh vi phan toan phan.

2.3.5. Su dung phuong trinh ham

Nhin dang: Trong phan ndy, st dung cac bai toan tich phan ham 4n, ma ham dudi
dau tich phan thoa man phuong trinh

a(x)f(x)+b(x)f(p—x) = c(x).

Phwong phap: Bang cach lay tich phan hai vé va str dung tinh chét cia tich phan
trong ta thu dugc 101 giai bai toan.

Str dung mot sb6 dé bai Iy tir tai liéu [5], chung t6i xay dung dugc cac vi du minh
hoa sau:

1
Vi dy 11: Cho ham s6  (x)lién tuc trén doan [0,1]. Tinh 7= [ f (x)dx biét f(x)
0

thoa man
2f(x)+3f(1-x)=~1-x.
Loi gidi: Ta co
2f(x)+3f(1-x)=+1-x
<:>2j.f(x)dx+3_1[f(l—x)dx=j.\/1—xdx

= 2jf(x)dx=jmdx—3jf(l—x)dx

5 o . |x=0=>1=1
Pbat t =1-x = dt = —dx. D061 can .
x=1=1t=0
Khi do
1 1 1

[r(=x)de=]r(e)de=f(x)dx

0 0 0

Nén
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1

.13/(1—x)2

[SSRN )

S_if(x)dx = jﬂdx =

0

0

1
A 2
Vay IZJ.f(X)dXZE.
0

1
Vi dy 12: Cho ham s f(x)lién tuc trén R. Tinh /= [ f(x)dx biét f(x) thoa
-1

man
3 (x) = f (-x) ==
x 43
Loi giai: Ta cod
3 (x) -/ (-3) ==
x +3

@j.][?af(x)—f(—x)]dx:j.l\/;?dx
<:>3j.f(x)dx—j.f(—x)dx:ln3.

x=—1=>t=1

Dit t =—x = dx = —dt. Dbi can:
x=1=t=-1

Khi d6 jf(—x)dx = —Ilf(—t)dt =jf(t)dt =jf(x)dx.

3jf(x)dx—jf(—x)dx=1n3

<:>3jf(x)dx—jf(x)dx=ln3
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2
Vi dy 13: Cho ham s6 f (x)lién tuc trén doan [1,2]. Tinh 7 = [ f(x)dx biét f (x)
1
thdéa man
1
F(x)+2 f[;j -

Loi gidi: Dat lzt:>x=1.
X t

Khi do f( j+2f( )= hay (2)+ f(lj:x.
X
+2f(lj
Ta dugc hé phuong trinh )lc |
(i)
Giai h¢ phuong trinh, ta dugc f ( ) ;
X
2 2 2
2-x 2 x 2Infx] X\ 2m2 1
Vay [ de=|| =2 |dx=| — 0 _2 || =22
yff -!.3xx'!(3x3jx(3 6) 3 2

Binh luin thém: O vi du cubi ciing, bang cach sir dung phép thé bién duogc trinh bay
& phan kién thirc chudn bi, ta hoan toan chi ra dugc ham sé thoa min yéu cau dau bai.
Vi viéc chi ra do, ta s€ lam dugc bai toan. Tuy nhién, hai & vi du trudc, ta khong khai
thac theo huéng d6 ma sir dung phwong phap lién quan dén phuong trinh ham d tinh
gian qua trinh tinh toan. O dang nay, sinh vién/gido vién c6 thé hudng dan hoc sinh chi
ra su ton tai ham s bang cach nhu sau: Véi vi du

21 (x)+3f (1-x)=+1-x,
tachon x=0 va x=1, tirdo ta co hé
{2f(0)+3f(1):1
2f(M+3£(0)=0
H¢ nay chic chin co nghiém duy nhét nén dam bao tinh xac dinh va don tri ctia ham

f(x) trong biéu thirc trén. Piéu nay gitp giam bot ap luc vé tu duy lién quan dén phuong
trinh ham — phén kién thirc ning cta boi dudng hoc sinh gioi toan THPT.
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3. KET LUAN

Bai viét d4 1am 13 hai c4u hoi 16n lién quan dén tich phan ham 4n thong qua dé xuat
cac dang bai va phuong phap giai. Trong mdi dang bai, cac tic gia da trinh bay cac vi du
minh hoa, phan tich dé 1am rd nhiing kién thirc. Qua do, chung t6i mong mudn dong gop
mot tai liéu dé cac ban sinh vién su pham Toan hiéu hon vé tich phan ham an, gop phan
phat trién ning luc chuyén mén mon Toan cho cac ban.
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METHODS OF SOLVING IMPLICIT INTEGRAL TO DEVELOP THINKING ABILITY
FOR STUDENTS OF FACULTY MATHEMATICS, HANOI PEDAGOGICAL
UNIVERSITY OF NUMBER 2

Pham Thanh Giang, Duong Thu Huong,
Nguyen Van Manh, Tran Thi Thu

Abstract: Mathematics has good conditions to develop thinking and reasoning for
students in general, and mathematical thinking and reasoning ability in particular.
This study aims to help find some methods to develop mathematical thinking and
reasoning for math students through teaching the topic “Integral of implicit function”.
These measures focus on training and fostering thinking manipulation for students
through organizing students to solve a class of difficult content problems, often in the
exam questions in national for students. These measures not only help develop
students' thinking but also help students practice math skills.

Keywords: Mathematics subject, integral of implicit function, composite function,
differential equation, functional equation.
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